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We present a coherent nonlinear theory of three-wave coupling involving Langmuir, kinetic Alfvén and whistler
waves. The initial stage of the energy exchange among these modes and the following nonlinear temporal dynamics are
studied. The role of pump depletion, dissipation and frequency mismatch in the nonlinear wave dynamics is analyzed.
Depending on the relative damping rates of the waves, the initial Langmuir waves can be nonlinearly transformed either
into whistlers, or into KAWs. The theory is applied to the Langmuir waves excited by electron beams in a diluted solar
corona where the local electron-cyclotron frequency is higher than the local electron plasma frequency.
PACS: 52.35.-g
1. INTRODUCTION
The nonlinear wave-wave interactions involving
electron-beam driven Langmuir wave have been widely
studied in context of generation mechanisms for the solar
radio bursts. Large amplitude Langmuir waves can
generate radio emission by nonlinear coupling to low-
frequency MHD waves such as ion sound wave, whistler
and shear Alfvén waves [1, 2].  We present here another
relevant nonlinear parametric process for beam-driven
Langmuir waves (L) in the solar corona, namely their
decay into whistler (W) and kinetic Alfvén wave (KAW).
 Linear theory of parametric instability for
LDKAW+W has been investigated by Voitenko et al.
2003 [3]. In the linear theory the pump amplitude is
assumed constant. In this paper we develop a coherent
nonlinear theory of the process LDKAW+W, taking into
consideration the effect of pump depletion. In addition,
the roles played by dissipation and frequency mismatch in
the nonlinear wave dynamics are analyzed numerically.
2. COUPLED WAVE EQUATIONS
FOR LDKAW+W
We treat the nonlinear parametric coupling of three
waves: an oblique pump Langmuir wave with
frequency Lw and wave vector };0;{ LzLxL kkk =
r
; whistler
wave with frequency Ww  and wave vector };0;0{ WzW kk =
r
and a kinetic Alfvén wave with frequency Aw  and wave
vector };0;{ AzAxA kkk =
r
 with AzAx kk >> .  For a three-
wave coupling, the following resonant conditions should
be satisfied:
;AWL www +» AWL kkk
rrr
+= .   (1)
The resonant condition can be easily satisfied only when
the local electron plasma frequency is smaller than the
local electron-cyclotron frequency ( )epe W<w , as we
choose in our plasma model.
We adopt the two-fluid plasma description. The nonlinear
system of coupled wave equations governing the three-
wave process LDKAW+W is given by
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where the dispersion operators DL, DA, DW  are
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The damping frequencies are
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Here ne electron damping, the dispersion function for the
KAW K determines the wave phase velocity
( ) ( )eTK cm ++= 1/1 ,
and the dispersive variables for the KAW are
;22 TAxT k rm = ;
22
eAxe k dc =  where ;/ pTT V W=r
;/ pee c wc =  here VT, VA and c are slow wave velocity,
Alfvén velocity and velocity of light respectively.
The coupling coefficients for the kinetic Alfvén and
whistler wave and their detail derivation are given in [3].
The nonlinear dispersion equation for the pump Langmuir
wave can be derived using the Poisson’s law and
continuity equation. The coupling coefficient for the
electrostatic Langmuir wave is given by
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3. INITIAL STAGE OF THE DECAY
The initial stage of the parametric decay process
LDKAW+W with the Langmuir wave acting as the pump
is governed by Eqs. (2), assuming nL,A,W=0,
=LE
r
constant and AWL EEE
rrr
,>> . The rate of the
exponential growth (growth rate), written in non-
dimensional form is:
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Here pAf W= /w , ei mmM /= .
The dependence of the nonlinear growth rate on the
wavenumbers of the Langmuir waves for antiparallel
propagating KAWs (sA=-1) is found numerically for
typical coronal parameters (see Fig. 1 and [3] for the
details).
Fig.1. Nonlinear growth rate of the decay LDKAW+W.
The normalized Langmuir wave energy is WL=10-4.
Parameter b=1.04(solid line); 1.1(dash line)
 and 1.4(dot line)
The nonlinear growth rate strongly increases with
perpendicular wavenumber of the KA/Langmuir wave
and critically depends on the parameter b in range
DeLZk l > 0.01: it is larger for b > 1, but quickly decreases
with increasing b. So, the general tendency is that the
faster electron beams in b>1 regions are most efficient for
producing of LAW events. However, even in the region
where b deviates significantly from 1, the decay is fast
when the parallel wavenumbers of Langmuir wave are
reduced. The reducing of the parallel wavenumbers can
occur due to the density variations along magnetic field
lines and/or to the presence of low-frequency waves.
4. NONLINEAR TEMPORAL DYNAMICS
OF THE COUPLED MODES
We now take into account the effect of pump
depletion and study the nonlinear temporal behavior of
Eqs. (2). Following the same steps as in [4] we get the
dynamical system for the process LDKAW+W:
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here the amplitude Fa and phase ja are real variables in
adopted polar representation ªa= aaa jh iF exp
2/1 , t =wcht,
chwd /D= , ( )Dch waaa wwnn ¶= // , j=jL-jA-jW. The
normalization parameters hL,A,W are given by
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where WAL www --=D  is the frequency mismatch. In
nondissipative case with perfect frequency matching
(d=0) the solution of system (3) has periodic wavetrain
form, therefore the decay process LDKAW+W represents
periodic conversion of the energy of Langmuir pump
wave into the energy of kinetic Alfvén and whistler wave.
The finite frequency mismatch (d¹0) diminishes the
efficiency of energy transfer.
Fig.2. Nonlinear waveforms for the case of dissipative
waves ( ,01.0/ =An
/
Ln =0.04,
/
Wn =0.07) with finite
frequency mismatch (d=0.01); wch=1 s-1
(3)
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Fig.3. Nonlinear waveforms for the case of dissipative
waves ( ,02.0/ =An
/
Ln »1.2´10
-6, /Wn »2.1´10
-6) with finite
frequency mismatch (d=0.1); wch=Wp=3.3´104 s-1
Figs. 2, 3 gives the examples of numerical solutions of
Eqs. (3) with both dissipation and frequency mismatch for
the case of dissipation of the KAW due to electron-ion
collisions and due to Landau damping on Maxwellian
electrons, respectively. The plasma parameters are the
same as in Fig.1. It is seen that in the first case the two
high-frequency waves (Langmuir and whistler waves)
follow similar temporal damping profiles and the initial
energy of Langmuir wave is mostly converted into the
kinetic Alfvén wave. In case of dissipation of KAWs due
to Landau damping we observe a complete conversion of
the initial Langmuir wave into whistler wave.
CONCLUSIONS
In this paper we investigate the nonlinear three-wave
coupling involving Langmuir, kinetic Alfvén and whistler
wave. By accounting for the finite wave damping we find
a complete conversion of the initial Langmuir wave into
whistler (or into KAW for smaller ratio of the
KAW/whistler damping rates). The results are applied to
the beam-driven Langmuir waves deduced from the
observations. Our study suggests that the nonlinear decay
of Langmuir wave energy into KAWs and whistlers can
provide an efficient sink for low-dispersive Langmuir
waves excited by fast electron beams in the solar corona
when the electron plasma frequency is lower than the
electron gyrofrequency. Such conditions can be satisfied
in the thin (~10km) underdense filaments guided by
magnetic filed lines which are connected to the low-
temperature patches at the coronal base. At the same time,
this nonlinear process may play a role also in the auroral
zone of the Earth’s magnetosphere, where Langmuir-Alfvén-
whistler events are registered in-situ by satellites [5].
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